. Consider the differential equation:

d*u
(%) aﬁ%—b——f( ) for x € (0, 2m),
where a,b > 0. Assume u and f are periodically extended to R. Divide the interval
[0,27] into n equal portions, where n = 2' for some [ > 10. Let z; = 2% for

j=0,1,2,...n—1.
Let u = (u(zo), u(x1), ..., u(xn_1))" and f = (f(xo), f(x1), ..., f(2n_1))T.
Let D; and D5y be two n X n matrices, which are defined in such a way that:

u(xjq) — u(rj_q) ~u(wjg) — 2u(zy) + ulz; 1)
8h (Dou); = 16h2

and

(Diu); =

for j =0,1,2,....,.n—1and h = %"

(a) Using Taylor expansion, explain why D; and D, approximate % and % re-
spectively. Hence, deduce that the differential equation (*) can be discretized

as:
(**)  aDyu+bDju = f.

— — .
(b) Let u = Y72 ape™ and £ = 3720 fre™®, where iy, fi, € C. If u satisfies (**),
show that _ ) B
(aAr + bAg) U = fi, for some N\ and Ay,

for k=0,1,2,....,n — 1. What are A\, and Xk? Please explain your answer with
details.

(c) Let u* be one of the solutions of (**). What is the general solution of (**)?
Please show and explain your answer with details.
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5. Let A be a n x n complex matrix given by:

Co C1 Ca -+ Cp
Cn—1 Cp it 0 Cp2
A= Cn—2 Chn-1 Qo
C1 Ca  + Cp1 O

—
(a) Show that e** is an eigenvector of A corresponding to an eigenvalue py, for
k=0,1,2,...,n — 1. What is u;? Please show all your steps in details.
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(b) Suppose Ax = f, where x and f are both complex vectors in C". Using (a),

show that:
Ho
M1
. (039 DFT(X) = DFT(f)
,un—l
where
Qo bo apby
a1 by aby
(039 . =
ap—1 bn—l an—lbn—l

Please explain your answer with details.
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